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Abstract
The two-dimensional minimal supersymmetric sigma models with homogeneous
target spaces G/H and chiral fermions of the same chirality are revisited. We demon-
strate that the Moore-Nelson consistency condition revealing a global anomaly in
CP(N−1) (with N>2 and N =(0, 2) supersymmetry) due to a nontrivial first Pon-
tryagin class is in one-to-one correspondence with the local anomalies of isometries
in these models. These latter anomalies are generated by fermion loop diagrams
which we explicitly calculate. In the case of O(N) sigma models the first Pontryagin
class vanishes, so there is no global obstruction for the minimal N = (0, 1) super-
symmetrization of these models. We show that at the local level isometries in these
models are anomaly free. Thus, there are no obstructions to quantizing the mini-
mal N = (0, 1) models with the SN−1 = SO(N)/SO(N−1) target space. This also
includes CP(1) (equivalent to S2) which is an exceptional case from the CP(N−1)
series. We also discuss a relation between the geometric and gauged formulations of
the CP(N−1) models.
1 Introduction
Two-dimensional chiral sigma models are known for a long time (e.g. [1]). Recently
chiral N = (0, 2) sigma models emerged as low-energy world sheet theories on non-
Abelian strings supported in some N=1 four-dimensional Yang-Mills theories [2, 3]
(for a review see [4]). This explains a renewed interest in their studies. Recent works
include (but are not limited to) Refs. [5–18]. Most of these papers are devoted to
nonminimal chiral models. Nonminimal chiral models are obtained as deformations
of N = (2, 2) supersymmetries and contain both left and right-handed fermions.1
They are free of anomaly by construction. In this paper, we consider minimal chiral
sigma models with N = (0, 1) and (0, 2) supersymmetries where by “minimal” we
mean that there are only, say, left-handed fermions included in models. Since these
minimal chiral theories generically suffer from anomalies, the no-anomaly conditions
become criteria for mathematical consistency of these models per se. In general
the (left-handed) chiral fermions can be defined on arbitrary vector bundles over
manifolds on which bosonic fields live in various dimensions. There are two types of
intrinsic anomalies in the minimal N = (0, 2) sigma models, which can be compared
to those in gauge theories in four dimensions.
First, chiral fermions in four dimensions (4d) can ruin gauge invariance already
at one loop, as it happens, say, in the SU(N) gauge theory with N > 2 and a single
chiral fermion in the fundamental representation. This anomaly does not appear,
however, in the SU(2) gauge theory due to the absence of the d symbols in SU(2).
Nevertheless, the SU(2) gauge theory with one chiral fermion in the fundamental
representation does not exist since it suffers from a “global” Witten’s anomaly [19].
This is the second type of anomalies in four-dimensional Yang-Mills.
The anomalies in the minimal N = (0, 2) sigma models were discussed by many
authors in different aspects. A number of authors calculated [20–24] chiral anoma-
lies (i.e. obtained explicit local forms) and discussed the mechanism of the anomaly
cancellations. On the other hand, global feature of anomalies were also thoroughly
considered in the works [25, 26]. A well-known no-go theorem [25] establishing a
global anomaly due to non-zero Pontryagin classes over vector bundles in such min-
imal (0, 2) models such as CP(N−1) makes them inconsistent (with an exception of
CP(1) model). We will revisit this issue. In the present paper we will discuss the
isometries of the target space manifolds O(N) and CP(N−1) and the correspond-
ing isometry anomalies. In the subsequent publication we will discuss more general
aspects, such as anomalies vs. diffeomorphism/holonomy invariance of the target
space after quantization in generic sigma models.
1 Strictly speaking, in two dimensions they are left- and right-movers.
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A few words on terminology. Sigma models are defined on manifolds which typi-
cally have to be covered by many local patches. One can specify a local chart of the
manifold and then perform the anomaly calculation (typically at one loop). We thus
call such anomalies local.2
In the case of local anomalies offset by counterterms on local patches, one must
worry how to patch these counterterms on different charts. It is essentially a co-
homology problem [27] which thus is tied up with global features of the manifolds
under consideration. A large class of sigma models admits the so-called gauged for-
mulation [28] (e.g. variants of the Grassmannian sigma models). In the gauged
formulation we potentially have to deal with chiral anomalies in the “small” and
“large” gauge transformations (analogous to the Witten SU(2) anomaly [19]).
The target spaces in the problems to be considered are homogeneous symmetric
spaces of G/H type. In this case it was shown [23, 25] that the criteruim of local
anomalies is stronger than the global obstruction: the local anomalies imply the
global obstruction and vice versa. In our examples of the O(N) and CP(N −1)
models we explicitly verify this statement. In the first example which is free from
the Moore-Nelson global obstruction, we demonstrate that the O(N) model is free
from local anomalies. In the second example, N = (0, 2) CP(N−1) models, N > 2,
in which the first Pontryagin class is nontrivial, we found local anomalies. Thus,
such models are inconsistent.
As was mentioned, in both cases we examine anomalies in the isometries which
decide whether or not geometry of the classical action can be maintained at the
quantum level. Only if it can be maintained can the theory be self-consistent. In the
minimal O(N) models one can construct anomaly-free isometry currents, while such
a construction is impossible in the minimal CP(N−1) models. The only exception
is CP(1) which is equivalent to O(3).
The paper is organized as follows. In Sec. 2 we thoroughly discuss the minimal
O(N) models and demonstrate the absence of the isometry anomalies. Section 3
is devoted to the minimal CP(N−1) models. We derive the CP(N−1) isometry
anomalies in this model. Our analysis in this section is somewhat different from
the O(N) case. We examine the correspondence between the isometry anomalies in
non-linear sigma models (NLSM) and gauge anomalies in gauged linear sigma models
(GLSM), and then derive the isometry anomalies based on the above correspondence.
In Sec. 4 we consider a dual formalism for the O(N) models and arrive at the same
result as in Sec. 2 by using the correspondence referred in this section. Section 5
2 The isometries in the sigma models under consideration are global symmetries analogous to
flavor symmetries in the gauge theories. We will still refer to the isometry anomalies as to local
anomalies, to avoid confusion.
2
summarizes our results and outlines questions for future explorations. Appendix
presents details of derivation in Sec. 3 through direct calculation as a verification.
2 O(N) Sigma Model
Let us first study the “linear” version3 of the O(N) model [29], investigate the sym-
metries of the model and then pass to the nonlinear description.
The linear O(N) sigma model contains N real fields ni, where i = 1, 2, ..., N , with
the constraint
nini = 1 . (1)
This means that the target space of the model is the sphere SN−1, which could be
viewed as the coset
SN−1 = SO(N)/SO(N−1) . (2)
Thus, the model (3) can equally be referred to as the SN−1 model. In the literature the
first name, O(N), is more common, however. It reflects, in particular, that counting
of isometries is given by O(N). The bosonic part of Lagrangian is
Lb =
1
2g20
∂µn
i∂µni + λ(n
ini − 1) (3)
where λ is a Lagrange multiplier that ensures the constraint above on the ni fields.
As mentioned above there are N(N − 1)/2 isometry symmetries corresponding to
the SO(N) group. For each point in the target space a stationary subgroup H =
SO(N−1) (the denominator in Eq. (2)) consists of transformations which do not act
at this point. We fix a particular choice of H specifying an axis, say nN , as associated
with the stationary under SO(N−1) point. For other points the transformations from
H are realized linearly.
Thus, the first set of isometries is given by linear transformations,
δǫn
i = ǫijnj, δǫn
N = 0, (4)
where ǫij = −ǫji, (i = 1, 2, ..., N−1) are infinitesimal parameters. The remainingN−1
isometries form the second set where the transformations are realized nonlinearly,
δαn
i = αinN , δαn
N = −αini , (5)
3By linear we mean that the kinetic term of Lagrangian in O(N) model is linear. The model is,
for sure, subject to the constraint nini = 1 which makes it nonlinearly realized when we remove
the extra redundancy by solving the constraint.
3
where αi, (i = 1, 2, ..., N−1) are infinitesimal parameters. The sub/superscripts are
raised or lowered by δij or δij.
Now, one can rewrite this sigma model through the standard stereographic pro-
jection to explicitly solve the constraint nini = 1, by setting
φi =
ni
1 + nN
, i = 1, 2, ..., N − 1 . (6)
By recalculating the infinitesimal transformations of φi with respect to ǫij and αi,
one obtains
δǫφ
i = ǫijφj ,
δαφ
i =
1− φ2
2
αi + αjφjφ
i .
(7)
In terms of the field φi the Lagrangian (10) takes the form,
Lb =
1
2
gij∂µφ
i∂µφj , (8)
where gij is the metric tensor of S
N−1 sphere,
gij =
4
g20
δij
(1 + φ2)2
. (9)
Supersymmetrizing the O(N) Lagrangian by adding left-handed fermions is straight-
forward. We couple N−1 real left-handed chiral fermions ψi ≡ ψiL to the bosonic
fields so that the theory has N = (0, 1) supersymmetry,
L = Lb + Lf =
1
2
gij∂µφ
i∂µφj +
i
2
gijψ¯iγ
µDµψ
j (10)
where Dµ is the covariant derivative pulled back from the S
N−1 sphere. The stereo-
graphic projection (6) gives us a local chart {φi}, for which one can write down the
metric (see (9)) and connections explicitly,
Dµψ
i = ∂µψ
i + Γijk∂µφ
jψk ,
Γijk = −
2
1 + φ2
(δijφk + δ
i
kφj − δjkφ
i) .
(11)
Now let us pass to the issue of isometry anomalies. To evaluate the anomalies,
one needs to integrate out fermions to find the effective action Γeff [φ]. Then one
4
performs the isometry transformations (7). We introduce vielbeins eai on S
N−1 to
decompose the metric and rewrite fermion fields in the canonic way,
eai =
2
g0
1
1 + φ2
δai , e
i
b =
g0
2
(1 + φ2) δib . (12)
Apparently eai satisfy the conditions
eaie
i
b = δ
a
b , δabe
a
ie
b
j = gij . (13)
In Eqs. (12) and (13) δab and δ
ab are for raising and lowering indices {a, b, ...}, while
gij and g
ij for indices {i, j, ...}. Besides, for local chart {φi}, one can still use δij to
write φi ≡ δijφj.
As long as conditions (13) are met, one still has a residual freedom to make
different choices for eai. This freedom might lead to the so-called holonomy anomalies
which we will discuss in upcoming work [30].
Through vielbeins eai we define ψ
a ≡ eaiψ
i, and thus rewrite the fermion part of
the N = (0, 1) Lagrangian,
Lf =
i
2
gijψ¯iγ
µDµψ
j =
i
2
ψ¯aγµ(∂µδab + ωabi∂µφ
i)ψb , (14)
where
ωabi = e
a
jDie
j
b = e
a
j
[
∂ejb
∂φi
+ Γjike
k
b
]
(15)
is the spin-connection on the frame bundle, and Di is the covariant derivative on
SN−1. Now, we integrate out fermions and arrive at an effective action Γeff . This
requires calculation of the bi-angle diagram (see Fig. 1); higher orders are finite and
thus do not contribute into anomalies. Note that there are only chiral fermions ψaL
in Lf coupled to the spin-connection ωR = ωi∂Rφi. Therefore, the effective action is
a functional of ωR,
iΓeff [ωR] =
i
16π
∫
d2x ωabµ (g
µα + ǫµα)
∂α∂β
∂2
(
gβν − ǫβν
)
ωbaν +O(ω
3
R)
=
i
16π
∫
d2x ωabR
∂L∂L
∂2
ωbaR +O(ω
3
R) . (16)
As we mentioned above cubic and higher term in the action are given by well
convergent integrals in momentum space. It means that these terms are well defined
in UV and anomaly could come only from quadratic in connections terms.
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ψL
ωR ωR
ψL
Figure 1: The wavy lines denote external spin-connection fields ωR, and solid lines denote
chiral fermion ψL.
To evaluate the isometry anomalies from Γeff , we will examine δǫΓeff and δαΓeff
under isometry transformations (7). Invariance of Γeff under linear transformations,
δǫΓeff = 0 is evident because these symmetries are explicitly maintained. As for
nonlinear transformations we will see that for spin-connections they have the gauge
form,4
δvω
a
bµ = −∂µv
a
b − [ωµ, v]
a
b , (17)
where the gauge function v, linear in parameters αi, depends on fields φj. Then the
anomalies can be obtained by varying Eq. (16),
I totalv = δvΓeff =
1
8π
∫
d2xTr v ∂LωR
=
1
8π
∫
d2xTr (v ∂µωµ − v ǫ
µν∂µων) . (18)
In Eq. (18), the first term can be removed by introducing a local counterterm
Sc.t. = −
1
16π
∫
d2xTr ωµω
µ . (19)
4 Since the spin-connections have similar transformation behavior to that of the gauge fields, one
should impose the Wess-Zumino consistency condition [20] to obtain correct consistent anomalies.
However, in 2d gauge theories, consistent anomalies have only two independent candidates [31] :
Av =
∫
dx2 vα(c1∂
µAαµ + c2ǫ
µν∂µA
α
ν ) .
In our sigma model, the left-handed chiral fermions only couple to ωR. Therefore, the anomalies
are similar to those in the gauge theory, and will not reduce to a purely topological term.
6
This counterterm is in essence equivalent to adding heavy Pauli-Villars (PV) fermions
to Lf ,
LPV =
i
2
HaL∇RH
a
L +
i
2
HaR∇LH
a
R + iMHaLH
a
R , (20)
where HaL,R are real Weyl-Majorana fermions,
∇R,LH
a
L,R ≡ ∂R,LH
a
L,R + ω
a
bR,LH
b
L,R ,
and M is the PV mass. At the very end M → ∞. One can check that, after
integrating out the PV fermions HaL,R, one recovers Eq. (19).
The second term in Eq. (18) is purely topological. For simplicity, one can write
it as a pulled-back form from SN−1 where we defined our sigma model by mapping
φ : Σ→ SN−1,
Iv = −
1
8π
∫
Σ
d2xTr (vǫµν∂µων) = −
1
8π
∫
Σ
φ∗( Tr (vdω))
= −
1
8π
∫
φ(Σ)
Tr (vdω) . (21)
The explicit expression for ωab = ω
a
bµdx
µ can be calculated from Eqs. (12) and (15),
ωab =
2φidφj
1 + φ2
E aij b , E
a
ij b = δ
a
i δjb − δ
a
j δib . (22)
Here the Eij ’s are the generators of the so(N−1) Lie algebra in fundamental represen-
tation, the holonomy group of SN−1 is SO(N−1). Then variation of spin-connection
ω with respect to αi transformations of Eq. (7) has the form (17) with v given by
vab = −α
iφjE aij b . (23)
Therefore the anomaly is given by Eq. (21) with v from Eq. (23).
With vab being φ-dependent the integrand in (21) does not look as a total deriva-
tive. However, it can be rewritten, using integration by parts, as follows:
δαΓeff =
1
8π
∫
φ(S2)
dvab ∧ ω
b
a =
1
8π
∫
φ(S2)
2αiφj
1 + φ2
dφi ∧ dφj
=
1
8π
∫
φ(S2)
d
[
log(1 + φ2)αidφ
i
]
. (24)
Then we see that the variation is, in fact, an integral of a total derivative. Therefore,
the local anomalies of isometries in the O(N) models vanish.
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3 CP(N−1) Sigma Model
Our second example is the CP(N−1) = SU(N)/S(U(N−1)×U(1)) sigma model [28].
The model involves N complex fields ui (i = 1, 2, ..., N) with the constraint
u¯iu
i = 1 .
In addition we need to impose a local U(1) gauge invariance under
ui → eiα(x)ui . (25)
To this end one introduces an auxiliary vector field Aµ , and the Lagrangian takes
the form
Lb =
2
g20
(∂µ + iAµ)u¯i(∂
µ − iAµ)ui + λ(u¯iu
i − 1) . (26)
Similarly to the O(N) case, to pick up a patch we can chose a “complex”axis,
e.g., uN . The isometries of the model fall into two groups: linear transformations
which do not transform uN ,
δǫu
i = ǫij¯uj¯ , δǫu
N = 0 ; i, j¯ = 1, 2, ..., N − 1 , (27)
and nonlinear ones which rotate uN ,
δβu
i = βiuN , δβu
N = −β¯iu
i ; i = 1, 2, ..., N − 1 . (28)
In the above expressions, ǫij¯ is an anti-Hermitian matrix and thus has (N − 1)2 real
parameters while βi are N−1 complex parameters. The indices can be locally raised
or lowered by δij¯ or δij¯ . The total number of isometries is N
2 − 1 corresponding to
SU(N) symmetries of the CP(N−1) model. Furthermore, since Aµ is nondynamical,
we can eliminate it in favor of the ui fields,
Aµ = −
i
2
(u¯i∂µu
i − ∂µu¯iu
i) . (29)
Now, we can fix the gauge by condition Im uN = 0, and solve the constraint by
choosing a set of local coordinates {φi, φ¯j¯},
φi =
ui
uN
, i = 1, 2, ..., N − 1 . (30)
In terms of the new coordinates the isometry transformations of the model are
δǫφ
i = ǫij¯φj¯ ;
δβφ
i = βi ,
δβ¯φ
i = (β¯φ)φi . (31)
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Parallelizing our discussion of the O(N) model, we can write down the Lagrangian
in terms of the fields φi, φ¯j¯ . We then supersymmetrize it to form a N = (0, 2)
CP(N−1) model by coupling complex left-handed Weyl fermions ψi ≡ ψiL,
L = Lb + Lf = gij¯∂µφ¯
j¯∂µφi + gij¯ ψ¯
j¯iγµDµψ
i , (32)
where
gij¯ =
2
g20
(1 + φ¯iφ
i)δij¯ − φ¯iφj¯
(1 + φ¯iφi)2
(33)
is the standard Fubini-Study metric for CP(N−1).
To explore the isometry anomalies, one can introduce vielbeins as in the O(N)
model, but the calculation is lengthy and tedious. We present the calculation details
in Appendix. Here, instead, we will find a relation between the gauge anomaly in
the gauged linear model and the isometry anomalies in the nonlinear formulation.
The full N = (0, 2) CP(N − 1) gauged model is obtained by adding N complex
left-handed fermions ξiL with constraints u
iξ¯iL = 0. The corresponding Lagrangian
takes the form
L = Lb +
2
g20
ξ¯Li(i∂R + AR)ξ
i
L +
2
g20
(
κRξ¯iLu
i +H.c.
)
, (34)
where κR is a Lagrange multiplier. The one-loop effective fermionic action following
from the bi-angle diagram similar to Fig. 1 is
iΓeff [AR] = −
iN
8π
∫
d2x AR
∂L∂L
∂2
AR . (35)
This action obviously suffers from a U(1) anomaly. Similarly to Eq. (18), this
anomaly has longitudinal and topological parts. Since the anomaly in the longi-
tudinal term is always cancelable by a counterterm, as Eq. (19), we will focus on the
topological part.
Keeping in mind that the gauge transformation has the form
Aµ → Aµ + ∂µα(x) (36)
we obtain the anomaly
Aα = −
N
4π
∫
αdA , (37)
where for simplicity we presented the anomaly via a one-form, A = Aµdx
µ.
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Now let us connect the nonlinear isometry anomalies with the gauge anomaly.
To write the nonlinear sigma model, we need fix a gauge and choose a local chart
to solve the constraints, see Eq. (30). Once the gauge and the chart are chosen, the
isometries of rotation around uN are linear, while those rotating the uN axis have to
be nonlinearly realized, see Eqs. (27) and (28).
Equation (29) implies that, since Aµ is isometry invariant, so is the fermion effec-
tive action (35). The only anomaly that exists in the gauged CP(N−1) formulation
is the gauge anomaly. Then how can we have isometry anomalies produced? Notice
that, within the fixed gauge, the uN field must be real. However, after rotations of
uN this field becomes complex again. Therefore, to satisfy the reality condition for
uN , the non-linear isometry transformations must be accompanied by a correspond-
ing gauge transformation to offset the imaginary part of uN . This leads to the gauge
anomaly, or equivalently, isometry anomalies in geometric formulation. We also ver-
ify that it is indeed the anomalies of the nonlinear isometries by straightforward
calculation in Appendix.
Following the discussion above, we want to find a gauge parameter α, such that
δαu
N + δβu
N is real. Since
δαu
N + δβu
N = iαuN − β¯iu
i (38)
where i = 1, 2, ..., N−1, the reality condition is
iαuN − β¯iu
i = −iαuN − βiu¯i . (39)
Therefore, we can find α in terms of φi and φ¯i, namely,
α =
i
2
(βφ¯− β¯φ) . (40)
Furthermore, we rewrite the gauge field A in terms of φi and φ¯i as well,
A = −
i
2
φ¯dφ− dφ¯φ
1 + φ¯φ
, (41)
what gives for dA
dA =
ig20
2
gij¯ dφ
i ∧ dφ¯j¯ . (42)
In this way obtain the nonlinear isometry anomalies,
Iβ = Aα =
i
8π
∫
(β¯φ− βφ¯)
[
iN
(1 + φ¯φ)δij¯ − φ¯iφj¯
(1 + φ¯φ)2
dφi ∧ dφ¯j¯
]
=
i
8π
∫
(β¯φ− βφ¯) c1 , (43)
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where c1 is the first Chern class of CP(N−1).
In contradistinction with the O(N) sigma model (with the exception of CP(1),
see below) all other CP(N −1) sigma models suffer from the isometry anomalies
which are neither a total derivative nor cancelable by adding local counter terms.
For CP(1), the situation is identical to the O(3) model.
3.1 CP(1) is a special case
We find from Eq. (43) it is indeed total derivative and consistent with previous discus-
sion on O(N−1) model. The specialty that distinguish CP(1) from other CP(N−1)
models is its low dimension. Since CP(1) is geometrically a two dimensional sphere,
locally we only have one φ and one φ¯ on one local chart. Equation (43) can be greatly
simplified in this case and written as an integral over total derivative:
ACP(1) = −
N
8π
∫
β¯φ− βφ¯
(1 + φ¯φ)2
dφ ∧ dφ¯ = −
N
8π
∫
d
(
β¯dφ+ βdφ¯
1 + φ¯φ
)
. (44)
On the other hand, globally CP(1) sigma model is known to have zero first Pon-
tryagin class p1, because it at most supports nonzero two-form while p1 is an element
in the fourth de Rham cohomology group. So far the local anomalies calculations
are consistent with the global analysis of [25].
In this section we found the relation between isometry anomalies I and gauge
anomaly A. The isometry anomalies in geometric formulation can be understood as
gauge anomaly of a special gauge transformation, see Eq. (40). Following this clue,
one can prospect the correspondence of holonomy anomaly versus arbitrary gauge
anomaly, and further global anomaly versus “large” gauge anomaly, in geometric and
gauge formulations respectively.
3.2 A closer look at the correspondence between isometry
and gauge anomalies
In this subsection, we want to discuss the correspondence between the isometry and
gauge anomalies in a more rigorous mathematical way. It will also help us to apply
these results in calculating the isometry anomalies in the general coset G/H minimal
sigma model in our subsequent work.
First, we want to rephrase the construction of CP(N−1) sigma model in the
language of fiber bundle. The Lagrangian, Eq. (34) or (32), is constructed through
the famous Hopf fibration, see Fig. 2 below, by considering CPN−1 as the base space
11
S2N−1
CP(N−1)
pi
U(1)-fiber
Figure 2: The sphere denotes S2N−1, while the solid line below is for CP(N−1). The
vertical circles are U(1)-fibers, each of which is projected to a point on CP(N−1).
of the U(1) principal bundle of S 2N−1, i.e.
U(1)
i // S2N−1
π // CP(N−1) .
Equation (30) and the gauge condition that uN is fixed to be real actually assign a
map, or, say, a local section, from a local chart Us ⊂ CP
N−1 to S2N−1,
s : Us // S
2N−1
(φi, φ¯j)
✤ // (ui, uN , u¯i, u¯N) =
(φi
ρ
,
1
ρ
,
φ¯j
ρ
,
1
ρ
)
for i, j = 1, 2, ..., N − 1 ,
with
ρ = (1 + φ¯iφ
i)1/2 .
Therefore it defines a local trivialization Φ of S2N−1, so that S 2N−1 locally looks like
a product space of Us × U(1)
Φ : Us ×U(1) // S2N−1
(φi, φ¯j; e
iα) ✤ // s(φ, φ¯)eiα ≡
(φi
ρ
eiα,
1
ρ
eiα,
φ¯j
ρ
e−iα,
1
ρ
e−iα
)
. (45)
It is easy to see that the U(1)-action on fiber π−1(φ, φ¯), is just the gauge trans-
formation (25). We want to point out that, the U(1)-gauge Aµ in Eq. (29) is exactly
a choice of connection 1-form defined on the bundle S 2N−1.
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To see this, one needs to recall how to define a U(1)-connection on the principal
bundle S 2N−1. First, the U(1)-action moves any point p ∈ S2N−1 along the fiber,
which defines a one-dimensional subspace of the tangent space TpS
2N−1, called ver-
tical space Vp (see the tangential direction of the vertical circles in Fig. 2). The
corresponding tangent vector σp spanning Vp is called the fundamental vector, and
is given by the trivialization (45) as
σp = iu
i ∂
∂ui
− iu¯i
∂
∂u¯i
, for i = 1, 2, ..., N
subject to the constraint u¯iu
i = 1. Now we are about to assign a U(1) connection
on S2N−1, or a 2N − 2 dimensional horizontal subspace H , so that the tangent space
of bundle S2N−1 can be decomposed as direct sum of horizontal and vertical spaces:
TpS
2N−1 = Hp ⊕ Vp, for p ∈ S
2N−1.
Equivalently, using a more familiar language, H is determined by a 1-form
A˜ ∈ Ω1(S2N−1)
globally defined on S2N−1, so that
Hp = Span{Xp ∈ TpS
2N−1|A˜p(Xp) = 0} = kerA˜p
with A˜ satisfying
A˜p(σp) = 1 and R
∗
αA˜p = A˜peiα for p ∈ S
2N−1 . (46)
In the second equation R∗α is the pullback induced by the U(1) action on fibers, which
guarantees the equivariance of A˜.
Generically there are various ways to choose the horizontal space Hp correspond-
ing to different connection 1-forms A˜. However, for CPN−1 as the quotient space of
S2N−1 by U(1), the projection map is a Riemann submersion once we assign the stan-
dard round metric g˜ on S 2N−1. Its tangent space at π(p), i.e. Tπ(p)CP
N−1 = π∗Hp,
is an orthogonal complement to Vp.
The metric g˜ defined on the standard sphere S2N−1, with the coordinates (ui, u¯i),
is given by
g˜ =
1
2
(du¯i ⊗ du
i + dui ⊗ du¯i), with u¯iu
i = 1 .
Since we choose the horizontal space Hp = V
⊥
p = (Span{σp})
⊥, the connection 1-form
A˜ is thereby proportional to g˜(σp),
A˜ ∼ g˜(σp) = −i
(
u¯idu
i − du¯iu
i
)
.
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To meet the condition (46), we fix the coefficient of A˜ as
A˜ = −
i
2
(
u¯idu
i − du¯iu
i
)
.
One can see that this is just Eq. (29).
Finally, the connection A˜ is pulled back from S2N−1 to the local chart Us of CP
N−1
by section s. i.e.
s∗ : Ω1(S2N−1) // Ω1(Us) ,
A˜ ✤ // A = s∗A˜ = −
i
2
φ¯dφ− dφ¯φ
1 + φ¯φ
. (47)
Once we assign a new section
s′ : Us′ → S
2N−1 ,
it is clear that, on the intersection Us∩Us′ , any two points on one and the same fiber
mapped by s and s′ are related by a U(1) action, i.e.
s′(φ¯, φ) = s(φ¯, φ)eiα(φ¯,φ), for (φ¯, φ) ∈ Us ∩ Us′ .
Similarly, s′ will also pullback the connection A˜ to A′ = s′∗A˜. Moreover, A′ and A
are related by our familiar U(1)-gauge transformation
A′ = A+ dα .
Based on the discussion above, the Lagrangian, Eq. (34) and Eq. (32), could be
interpreted as CPN−1 model constructed on the bundle S2N−1 or a local patch Us ⊂
CPN−1. Now, when we consider an isometry transformation f on a local patch, say,
Us, the isometry will induce a change of Us and thus a gauge transformation of A.
Therefore when we calculate the isometry anomalies of CPN−1 localized on Us, they
are naturally associated to the gauge anomalies of A locally defined on Us.
To address the idea in a rigorous manner, we need the concept of the bundle
isomorphism. A bundle isomorphism is a 1−1 bundle map F such that the following
diagram commutes:
S2N−1
π

F // S2N−1
π

CPN−1
f // CPN−1
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where f is an induced isomorphism on base space CPN−1, and F satisfies the equiv-
ariant condition:
F (peiα) = F (p)eiα . (48)
As for the isometry transformations, one needs to consider the corresponding
isometric bundle isomorphism, i.e. isomorphisms preserving given metric g˜ on the
bundle S2N−1 and satisfying equivariance Eq. (48). For the bundle S2N−1, there are
2N2 − 2N isometries as we discussed in Sec. 2, while only the transformations (27)
satisfy the condition (48) and induce the isometries on CPN−1.
Now we are interested in the transformation of the connection A with respect
to isometric bundle morphisms. Generically a bundle isomorphism F will “pushfor-
ward” the horizontal space H to
HF ≡ F∗H .
Therefore the corresponding connection 1-form for HF is
A˜F = (F−1)∗A˜ .
We want to calculate the difference of AF from A pulled back to the base space
CPN−1, e.g. at the point b ∈ Us ⊂ CP
N−1. Note that the isometric bundle morphism
F , i.e. Eq. (27), also induces an isometric morphism f on CPN−1, see Eq. (31).
Isomorphism f moves the point b = (φ, φ¯) to c = f(b), located on a different fiber
π−1(c). One thus needs to further pullback the connection by f ∗ to compare their
difference, see the commuting diagram below,
S2N−1 S2N−1
F−1oo
Us′
s′
OO
f // Us
s
OO Ω
1(S2N−1)
s′∗

(F−1)∗// Ω1(S2N−1)
s∗

Ω1(Us′) Ω
1(Us)
f∗oo
The variance of connection
f ∗ ◦ s∗A˜F − s∗A˜ = (F−1 ◦ s ◦ f)∗A˜− s∗A˜
respect to point b = (φ, φ¯), will be considered. However, the combination of maps
s′ ≡ F−1 ◦ s ◦ f defines another section,5
s′ : Us′ → S
2N−1 .
5 It is the the pulled-back section of s by F , and hence depends on the bundle map.
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Therefore one has
s′(b) = s(b)eiα(b), ∀ b ∈ Us ∩ Us′ , (49)
and therefore
s′∗A˜− s∗A˜ = A′ − A = dα . (50)
Given Eq. (27) and Eq. (31) for infinitesimal versions of F and f , we can calculate
the infinitesimal transformation of Eq.(50). We only consider transformations corre-
sponding to the parameters β and β¯. Since
eiα(φ,φ¯) ∼ 1 + iα(φ, φ¯, β, β¯) ,
the infinitesimal transformation of Eq. (50) and Eqs. (27) and (31) lead us back to
Eq. (49). After a short calculation, we obtain
α(φ, φ¯, β, β¯) =
i
2
(βφ¯− β¯φ) ,
which coincides with the previous result (40).
So far we revisited the anomaly of the CP(N − 1) sigma model. The lesson
one can draw is that the nonlinear formalism Lagrangian, see Eq. (32), is defined
on the local patch Us of CP(N−1). An isometric transformation f , or F on the
bundle will result in a change of the local patch to Us′ , or equivalently a change
of the local section to s′. Therefore the pulled-back connection, or the gauge field
(29), will transform as in Eq.(50). If there are chiral fermions coupling to the gauge
field nontrivially, there must be anomalies produced. In this sense, these anomalies
measure the failure of bundle reparametrization from the section s to s′ induced by
isometric transformation.
4 Dual formalism for the O(N) Model
In Sec. 3 we demonstrated that the isometry anomalies in the nonlinear realization
of the CP(N − 1) is in one-to-one correspondence with the U(1) anomaly in its
gauged linear formulation. This section is motivated by further consistency checks of
the gauge versus isometry anomalies. Another motivation is the large-N argument
regarding the gauge anomaly in the linear gauged sigma models.
A crucial difference between the O(N) and CP(N−1) sigma models is that the
latter has a U(1) gauge field, and eventually suffers from the U(1) anomaly. At the
same time, the O(N) sigma model has no gauge redundancy and therefore is expected
to have no isometry anomalies after the passage to its nonlinear formulation.
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In Sec. 2 we considered the O(N) model (which can also be called the SN−1
model) using the realization of the target space in terms of N real fields ni with
the constraint (1). The real Grassmann model prompts us a dual form of the O(N)
model.
The same target space, SN−1, can be implemented as follows. Consider real
bosonic matrix fields
Nαa , α = 1, 2, ..., N , a = 1, 2, ..., N − 1 , (51)
and gauge the SO(N − 1) symmetry. The index α in (51) will play the role of the
“color” index of the gauged group SO(N − 1). The index a is the “flavor” index of
global SO(N) symmetry. Then we add a constraint
(NT )a αN
α
b = δ
a
b . (52)
We also add left-handed fermions ψαLa with appropriate constraints to supersym-
metrize the model. In this way we arrive at the Lagrangian
L =
1
2g20
Tr[(DµN)TDµN + iψ¯LDRψL] ,
NTaαN
α
b = δ
a
b , (N
T )a αψ
α
Lb = 0 . (53)
where
(DµN)
α
a = ∂µN
α
a −N
α
bA
b
µa , (54)
and the matrix fields Abµa are the SO(N−1) gauge fields. As previously mentioned,
the above gauge fields are nondynamical and can be eliminated in favor of the N
fields,
Aaµb =
1
2
(
NT∂µN − ∂µN
T ·N
)a
b
. (55)
Similarly to Eqs. (29) and (30) in the CP(N−1) model, one can fix an SO(N−1)
gauge, and choose local charts to write down a nonlinear sigma model. For example,
we treat
Nαa =
(
V ia
ρa
)
, a, i = 1, 2, ..., N − 1 , (56)
where ρa ≡ NNa is an additional row vector.
Now, we fix the gauge in such a way that V ia becomes symmetric real matrix.
Then we define a local chart,
φi = ρa
(
1
1 + V
)a
i
. (57)
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After solving the constraint, one obtains
V ia =
(
δij −
2
1 + φ2
φiφj
)
δja ,
ρa =
2φi
1 + φ2
δia ,
Aaµb =
2φi∂µφ
j
1 + φ2
E aij b . (58)
The generators E aij b were defined in Eq. (22).
One can easily convince oneself that the gauge fields Aµ are just spin connections
ωµ in nonlinear formulation of the S
N−1 model, see Eq. (22). Thus, the nonlinear
Lagrangian following from (53) after gauge fixing is in fact identical to that presented
in Eq. (10).
At the perturbative level, the gauge anomalies in the present section and the
isometry anomalies in Sec. 2 will match each other too. We will discuss only those
isometry transformations that involve an interplay between V ia and ρa,
δαV
i
a = α
iρa , δαρa = −αiV
i
a , (59)
since they would induce gauge anomalies for the fixed gauge, see the remark after
Eq. (56). To keep the matrix V ia symmetric, a gauge transformation must accompany
(59), namely,
δλV
i
a = V
i
bλ
b
a, with λ
T = −λ . (60)
Solving equation
δα+λV = (δα+λV )
T , (61)
we arrive at
λab = v
a
b , (62)
where the matrix vab is given in Eq. (23). Therefore, the induced gauge anomalies
are
Aλ = −
1
8π
∫
Tr (λdA) . (63)
Equations (58) and (62) show that Aλ is just the nonlinear isometry anomalies, the
same as in Eq. (21). The theory can be “mended” just in the same way as it was
discussed in Sec. 2.
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5 Conclusions
Two-dimensional chiral sigma models with various degrees of supersymmetry present
an excellent theoretical laboratory. While the (2, 2) models were thoroughly explored
in the 1980s, chiral models received much less attention. Recently non-minimal
chiral models reappeared in the focus of theorists’ attention because of their special
role as world-sheet models on topological vortex solutions supported in certain four-
dimensional N = 1 Yang-Mills theories. This fact naturally raised interest to the
minimal chiral models.
In this paper the minimal chiral two-dimensional models are revisited. We demon-
strate that the Moore-Nelson consistency condition [25] revealing a global anomaly
in CP(N−1) (with N>2) due to a nontrivial first Pontryagin class is in one-to-one
correspondence with the local anomalies in isometries. These latter anomalies are
generated by fermion loop diagrams which we explicitly calculate.
At the same time the first Pontryagin class in the O(N) models vanishes [25] and,
thus, these models are globally self-consistent. We show that the divergence of the
isometry currents in these models is anomaly free. Thus, there are no obstructions to
quantizing the minimal N = (0, 1) models with the SN−1 = SO(N)/SO(N−1) target
space. CP(1) is self-consistent and presents an exceptional case from the CP(N−1)
series: both the first Pontryagin class vanishes and the local anomalies are absent
too. We discuss a relation between the geometric and gauged formulations of the
CP(N−1) models. From the standpoint of the principal fiber bundle, the isometry
anomalies on a local patch just reflect the failure of gauge invariance of the theories
in passing from one local patch to another. Therefore it relates the local anomalies
to global topological criteria [23, 25].
In our subsequent work, we will follow this clue to discuss anomalies in general
minimal G/H sigma models in both local and global aspects. The obvious distinction
between the O(N) and CP(N−1) target spaces is the fact that in the first case the
factor H is a simple group, while in the second case it is a product two factors,
SU(N−1)×U(1). One can conjecture that the non-simple character of H is behind
emergence of anomalies, for the simple H group the first Pontryagin class of G/H
vanishes. We will address this issue in [30].
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Appendix: Vielbeins and Anomalies in CP(N−1)
The Fubini-Study metric gij¯ on CP(N−1) is
gij¯ =
(1 + φ¯iφ
i)δij¯ − φ¯iφj¯
(1 + φ¯iφi)2
. (A.1)
The indices of charts {φi, φ¯j¯} locally are raised or lowered by δij¯ or δij¯ . To explicitly
find vielbein of the metric, it is convenient to define
r2 ≡ φ¯iφ
i , ρ2 ≡ 1 + r2 ,
Pij¯ ≡ δij¯ −
φ¯iφj¯
r2
,
Qij¯ ≡
φ¯iφj¯
r2
, (A.2)
one can easily check the following properties:
δij¯ = Pij¯ +Qij¯ ,
Pij¯φ¯
j¯ = Pij¯φ
i = 0 ,
Qij¯φ¯
j¯ = φ¯i, Qij¯φ
i = φj¯ ,
P 2 = P, Q2 = Q, PQ = QP = 0 . (A.3)
As a result, the metric and vielbein could be written as
gij¯ =
1
ρ2
(Pij¯ +
1
ρ2
Qij¯), g
ij¯ = ρ2(P ij¯ + ρ2Qij¯) ,
eai =
1
ρ
(P ai +
1
ρ
Qai), e
i
a = ρ(P
i
a + ρQ
i
a) ,
e b¯j¯ =
1
ρ
(P b¯j¯ +
1
ρ
Q b¯j¯ ), e
j¯
b¯
= ρ(P j¯
b¯
+ ρQ j¯
b¯
) ,
eaie
i
b = δ
a
b, e
j¯
a¯ e
b¯
j¯ = δ
b¯
a¯ , δab¯e
a
ie
b¯
j¯ = gij¯ . (A.4)
Similarly to the O(N−1) model, the symbols δab¯ or δ
ab¯ are used to lower or raise
frame indices {a, b¯, ....}. Since CP(N−1) are the Ka¨hler manifolds, there are two sets
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of vielbein, and correspondingly two sets of spin-connections one-form on the frame
bundles Hol(1,0) and Hol(0,1),
ωab = ω
a
bidφ
i = eajDie
j
b dφ
i ,
ω¯ a¯b¯ = ω¯
a¯
b¯ j¯dφ¯
j¯ = Dj¯e
i¯
b¯ e
a¯
i¯ dφ¯
j¯ ,
ω† = ω¯ . (A.5)
Redefining ψa = eaiψ
i, one can present the fermionic part of the CP(N − 1)
Lagrangian as
igij¯ψ¯
j¯γµ(∂µψ
i + Γijk∂µφ
jψk) = iψ¯a¯γµ(∂µδa¯b + Ωa¯bµ)ψ
b , (A.6)
Ωa¯bµ = ωa¯bi∂µφ
i − ω¯a¯bj¯∂µφ¯
j¯ , (A.7)
where Ω is the pulled-back connections from frame bundle Hol(1,0) ⊕ Hol(0,1) of
CP(N−1). Identically to the discussion of O(N−1) models, one can evaluate linear
and non-linear isometry transformations on connection Ω, and imposes the Wess-
Zumino consistency condition to find consistent anomalies. However the calculation
are much more cumbersome than O(N−1) case. The details will be neglected, only
main results are listed.
Firstly, the number of isometries of CP(N−1) are N2−1 = (N−1)2 + 2(N−1),
in which there are (N−1)2 linear symmetries corresponding to U(N−1)-rotations of
fields {φi, φ¯j¯}. It also implies the holonomy group of CP(N−1) is U(N−1). The rest
of 2N−2 symmetries are non-linearly realized,
δǫ = ǫ
ij¯(φj¯
δ
δφi
− φ¯i
δ
δφ¯j¯
) ,
δβ = β
i δ
δφi
+ (βφ¯)φ¯j¯
δ
δφ¯j¯
,
δβ¯ = β¯
j¯ δ
δφ¯j¯
+ (β¯φ)φi
δ
δφi
. (A.8)
Further, we calculate the variation of spin-connection Ω. According to the experience
from O(N−1), it is not curious that linear symmetries give no anomalies to effective
Lagrangian. Therefore only non-linear symmetries are considered as below. Since Ω
is anti-Hermitian, one can only evaluate δβΩ, and take hermitian conjugation to get
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δβ¯Ω. After explicit calculations following Eq.(A.4) and (A.5) we arrive at
ωab =
(
−
1
2ρ2
φ¯iδ
a
b −
1
2ρ2
φ¯iQ
a
b −
ρ− 1
ρr2
φ¯bP
a
i
)
dφi
=
(
−
1
2ρ2
φ¯iδ
a
b −
ρ− 1
ρr2
φ¯bδ
a
i +
1
2
(ρ− 1)2
ρ2r4
φ¯iφ
aφ¯b
)
dφi
≡
[
−G(r2)φ¯iδ
a
b − F (r
2)φ¯bδ
a
i +
1
2
F 2(r2)φ¯iφ
aφ¯b
]
dφi ,
ω¯ a¯b¯ =
[
−G(r2)φj¯δ
a¯
b¯ − F (r
2)φb¯δ
a¯
j¯ +
1
2
F 2(r2)φj¯φb¯φ¯
a¯
]
dφ¯j¯ , (A.9)
where real functions G and F are defined as
G(r2) ≡
1
2ρ2
, F (r2) ≡
ρ− 1
ρr2
. (A.10)
Varying Ωab = ω
a
b − ω¯
a
b, one must have
δβΩ
a
b = −dv
a
β b − [Ω, vβ]
a
b . (A.11)
To find v aβ b in the easiest way one can consider variation of the torsion equation on
CP(N−1). Since there is no torsion on CP(N−1), one has
dea + Ωab ∧ e
b = 0, (A.12)
where ea = eaidφ
i is frame one-form. Acting δβ on both sides, one can obtain
Eq.(A.11) if
δβe
a = v aβ be
b . (A.13)
Explicitly calculating δβe
a, we derive v aβ b,
v aβ b = −
βφ¯
2
δab −
βφ¯
2
Qab −
ρ− 1
r2
φ¯bP
a
iβ
i
= −
βφ¯
2
δab − ρFβ
aφ¯b −
βφ¯
2
ρ2F 2φaφ¯b . (A.14)
Now the non-linear isometry anomalies of CP(N−1) can be assembled together by
using the Wess-Zumino consistency condition. Similar to the O(N−1) case, anomalies
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with respect to parameter β are
δβΓeff = −
1
4π
∫
φ(S2)
v aβ bdΩ
b
a (A.15)
= −
1
4π
∫
φ(S2)
{
Aβi¯φj¯dφ¯
j¯ ∧ dφ¯i¯ + [B(βφ¯)δij¯ + C(βφ¯)φ¯iφj¯ +Dφ¯iβj¯ ]dφ¯
j¯ ∧ dφi
}
,
where the functions A, B, C and D are
A(r2) = −
1
4
ρr2F
(
F 2 + 2
dF
dr2
)
,
B(r2) = NG+ F (1− Fr2) ,
C(r2) = N
dG
dr2
+
(
2
dF
dr2
− F 2
)(
1−
1
2
ρF
)
+
F
r2
(
1− 2ρF − 2r4
dF
dr2
)
,
D(r2) =
1
2
ρr2F
(
2
dF
dr2
− F 2
)
+ 2ρF 2 . (A.16)
One can simplify Eq. (A.15) integrating by parts. First note∫
φ(S2)
A(r2)βi¯φj¯dφ¯
j¯ ∧ dφ¯i¯
=
∫
φ(S2)
A(r2)βi¯dr
2 ∧ dφ¯i¯ −A(r2)βi¯φ¯jdφ
j ∧ dφ¯i¯
=
∫
φ(S2)
d
( 1
ρ
+ log ρ− 2 log(1 + ρ)βi¯dφ¯
i¯
)
+ A(r2)βj¯φ¯idφ¯
j¯ ∧ dφi
=
∫
φ(S2)
A(r2)βj¯φ¯idφ¯
j¯ ∧ dφi . (A.17)
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In addition, for the function C term,∫
φ(S2)
C(r2)(βφ¯)φ¯iφj¯dφ¯
j¯ ∧ dφi
=
∫
φ(S2)
C(r2)(βφ¯)φ¯idr
2 ∧ dφi
=
∫
φ(S2)
d
Nr2 + 2(ρ− 1)
2ρ2r2
(βφ¯)φ¯idφ
i
=
∫
φ(S2)
−Nr2 − 2(ρ− 1)
2ρ2r2
[(βφ¯)δij¯ + βj¯φ¯i]dφ¯
j¯ ∧ dφi
≡
∫
φ(S2)
C˜(r2)[(βφ¯)δij¯ + βj¯φ¯i]dφ¯
j¯ ∧ dφi . (A.18)
Combining the above two terms into Eq.(A.15), one can find
δβΓeff = −
1
4π
∫
φ(S2)
{
[B − C˜](βφ¯)δij¯ + [A +D − C˜]βj¯φ¯i
}
dφ¯j¯ ∧ dφi
=
N
4π
∫
φ(S2)
βj¯φ¯i
2(1 + φ¯φ)
dφ¯j¯ ∧ dφi
= −
i
8π
∫
φ(S2)
(βφ¯) c1 . (A.19)
We also need to add the variation of action with respect to β¯, which is obtained
by Hermitian conjugation of Eq.(A.19). Finally we have the result identical with
Eq.(43),
Iβ =
i
8π
∫
(β¯φ− βφ¯)c1 . (A.20)
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